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We study a continuous-variable (CV) teleportation protocol based on a shared entangled state 
produced by the quantum-nondemolition (QND) interaction of two vacuum states. The scheme 
utilizes the QND interaction or an unbalanced beam splitter in the Bell measurement. It is shown 
that in the non-unity gain regime the signal transfer coefficient can be enhanced while the conditional 
variance product remains preserved by applying appropriate local squeezing operation on sender's 
part of the shared entangled state. In the unity gain regime it is demonstrated that the fidelity 
of teleportation can be increased with the help of the local squeezing operations on parts of the 
shared entangled state that convert effectively our scheme to the standard CV teleportation scheme. 
Further, it is proved analytically that such a choice of the local symplectic operations minimizes the 
noise by which the mean number of photons in the input state is increased during the teleportation. 
Finally, our analysis reveals that the local symplectic operation on sender's side can be integrated 
into the Bell measurement if the interaction constant of the interaction in the Bell measurement can 
be adjusted properly. 

PACS numbers: 03.67.-a 



Quantum entanglement can be used for information 
carried by quantum objects to be processed in a unique 
way. For instance, entanglement enables a disembod- 
ied transfer of an unknown state of one quantum sys- 
tem to another system with precision that cannot be 
achieved using only classical resources. This the so called 
quantum teleportation was firstproposed theoretically 
[ij and realized experimentally 0] in the context of ob- 
servables with discrete spectra. The studies of quan- 
tum teleportation did not restrict to the discrete vari- 
ables but they were also extended by Vaidman into 
the realm of physical quantities with continuous spectra- 
continuous variables. A feasible implementation of Vaid- 
man's continuous-variable (CV) teleportation protocol 
was then proposed by Braunstein and Kimble (BK) p|. 

In the BK protocol the role of the CVs is played by 
the canonically conjugate variables x- lu and p m of the in- 
put CV system "in" and the state to be teleported is 
an unknown coherent state. At the beginning of the 
BK protocol a sender Alice (A) and a receiver Bob (B) 
share a CV entangled state of two CV systems A and 
B described by the canonically conjugate variables xa, 
Pa, xb and pb ([%i,Pj] = iSij)- At the first stage, Al- 
ice performs the so called Bell measurement on the sys- 
tems A and "in" by superimposing them on a balanced 
beam splitter (BS) and detecting at its outputs the vari- 
ables x[ n = (x in + x A )/V2 and p' A = (p ln - pa)/V%- 
She obtains certain classical values x- ln and Pa and sends 
them via classical channel to Bob. In order to recover 
the input variables Xi n and p; n in his system Bob ampli- 
fies the measurement results by the gain factor \/2 and 
performs the displacements ib -> x ou t = xb + V%Xi n 
and pb — * Pout — Pb + V^Pa- As a result, Bob's con- 
jugate variables read as Xout = x- m + (xa + xb) and 
Pout = Pin — {pa — Pb) Q and thus the input vari- 
ables were teleported to Bob with some added noises 



xa + xb and pa — Pb ■ Without entanglement Alice and 
Bob can achieve only limited quality of the teleporta- 
tion. In the best case when the systems A and B are 
prepared in the vacuum states Q two vacuum units of 
noise are added into each of the input variables x- m and 
Pi n . This noise limits the quality of the teleportation to 
the classical regime. However, the noise can be reduced 
and therefore the so called quantum regime of telepor- 
tation can be achieved if Alice and Bob use a specific 
entangled state that possesses quantum correlations of 
equal strength between canonically conjugate variables 
whose strength increases with increasing entanglement, 
i. e. ((x A + x B ) 2 ) = ((pa-Pb) 2 ) = e~ 2K -> for k -> oo 
(k > is a squeezing parameter). Obviously, sharing 
this type of entanglement Alice can teleport the input 
state to Bob with arbitrarily high precision if the entan- 
glement is sufficiently strong. This type of entanglement 
is called Einstein-Podolsky-Rosen (EPR) entanglement 
and can be prepared by mixing the systems A and 
B equally squeezed in conjugate variables xa and pg, 
respectively, on a balanced BS [g. 

To date, all the ingredients of the BK scheme encom- 
passing beam splitters, squeezers and detectors of canon- 
ically conjugate variables were well managed only for 
light. Therefore, it was possible to demonstrate to date 
only CV quantum teleportation of light |(| . In these ex- 
periments, the role of the CV systems was played by the 
single modes of an optical field and the CVs were real- 
ized by the quadrature amplitudes of the field. Recently, 
however, a great attention has been paid to the tele- 
portation protocols for CVs of material objects (IcHTl) . 
These protocols involve two kinds of CV systems: co- 
herent linearly polarized light pulses and spin-polarized 
macroscopic atomic samples. The respective CVs x a and 
Pa are for a light pulse A realized by the properly nor- 
malized components of the operator of the Stokes vector; 
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for an atomic sample B the respective CVs Xb and ps 
are realized by the properly normalized components of 
the collective spin operator of the atomic sample [l2T |. 
Similarly as in the BK scheme, the protocols exploit the 
EPR entanglement of two atomic samples |l0( or the EPR 
entanglement of two light beams ^lj . However, the spe- 
cific feature of the two systems involved in these pro- 
tocols is that they interact naturally via the quantum- 
nondemolition (QND) interaction [nj described by the 
interaction Hamiltonian 



H. 



QND 



-KX A pB, 



(1) 



where k is the coupling constant. As the BS inter- 
action also the QND interaction of two orthogonally 
saueezed vacuum states produces the EPR entanglement 
p~3j| . More interestingly, the QND interaction produces 
the entangled state even from two vacuum states but this 
is no more the EPR state. Therefore, the use of such the 
QND entangled state in the BK protocol will not lead to 
its optimal performance. For this reason Horoshko and 
Kilin (HK) 14] studied the telcportation protocol based 
on sharing of the QND entanglement and utilizing an un- 
balanced BS in the Bell measurement. They have shown 
that quantum regime of teleportation can be achieved if 
sufficiently strong QND entanglement is available. 

In this article we investigate a generalized CV tele- 
portation protocol that contains the HK protocol as a 
particular case. Our protocol is based on the QND en- 
tanglement and utilizes cither the QND interaction or 
an unbalanced BS in the Bell measurement. We study 
both the non-unity gain and the unity gain regimes. The 
non-unity gain regime is characterized by the conditional 
variance product V and the signal transfer coefficient T 
|l5j . It is shown on two particular examples that for 
a fixed interaction in the Bell measurement the param- 
eter T can be enhanced while preserving the parame- 
ter V and thus the performance of our protocol can be 
improved by applying a suitable squeezing operation on 
Alice's part of the shared entangled state. The unity 
gain regime is characterize by the fidelity F. In contrast 
with the HK scheme our scheme allows to achieve quan- 
tum regime of teleportation when F > 1/2 for arbitrar- 
ily small amount of the shared QND entanglement. For 
a particular amount of the shared entanglement corre- 
sponding to the feasible interaction constant nt — 1 0] 
(t is the interaction time) we show analytically that the 
use of a suitable unbalanced BS in the Bell measurement 
provides a higher teleportation fidelity than the use of a 
balanced BS as proposed by HK. Recently, it was demon- 
strated in |17| that in the teleportation protocol exploit- 
ing entanglement produced from a single squeezed state 
and a balanced BS in the Bell measurement one can in- 
crease the telcportation fidelity by applying local squeez- 
ers on parts of the shared entangled state. Here we show 
that the fidelity in our scheme can be increased by appli- 
cation of local squeezing operations on both parts of the 
shared entangled state that convert effectively the scheme 
to the BK scheme Q. Moreover, it is proved analytically 
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FIG. 1: Schematic of the CV telportation using the QND 
interaction. A bipartite entangled state produced by the QND 
interaction Q of two vacuum states |0)a and |0}b is shared 
by Alice and Bob. |a}i n , an unknown input coherent state; 
Pout, output state; Sa and Sb, auxiliary squeezing operations 
allowing to improve the quality of teleportation; R, the QND 
interaction or an unbalanced BS; G x , G p , electronic gains for 
the transformation from the classical measurement results X[ n 
and pa to Bob's output system. 



that if we characterize the unity gain teleportation by 
the noise Af by which the mean number of photons in 
the input state is increased during the teleportation then 
such a choice of the local operations is optimal. 

The paper is organized as follows. In Section[I]we study 
a teleportation scheme utilizing the QND entanglement 
as an entanglement resource and the QND interaction or 
an unbalanced BS in the Bell measurement. Section ITT1 
deals with a generic CV teleportation scheme and the op- 
timization of the noise Af with respect to the local sym- 
plectic transformations is performed. Section lHll contains 
conclusion. 



I. QUANTUM TELEPORTATION WITH 
QUANTUM-NONDEMOLITION INTERACTION 

The scheme of our teleportation protocol is depicted in 
Fig. n If n °t stated explicitly otherwise an optical ter- 
minology is used throughout the article in which the CV 
systems involved are single modes of an optical field and 
the role of the canonically conjugate variables is played 
by the quadrature amplitudes of the optical field. We 
use the Heisenberg picture description of teleportation 
as introduced in [5j. 

At the beginning of our protocol, Alice and Bob share 
the state of two modes A and B produced by the QND 
interaction Q of two vacuum states jO)^ and \Q)b- In 
Heisenberg picture, the quadratures x^\ P a ■> i b' an( I 
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of the two vacuum modes transform as 
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Pb =P B , 



(2) 



where g = nt (t is the interaction time) is the interac- 
tion constant. For any g > the produced state is an 
entangled state whose entanglement increases with in- 
creasing g. This can be seen by noting that the purity 
of the reduced state of the mode A given by the formula 
P A = l/(2y/(x A )(p A )) = + g 2 is less than unity 

for any g > and goes to zero with increasing g. Here 
and in the rest of this section the angle brackets denote 
the averaging over the initial state | a) ;„ 10)^10) _b- The 
produced entanglement is not the EPR entanglement as 
{{x A + x B f) = ((pa-Pb) 2 ) = [(ff-l) 2 + l]/2 > 1/2 and 
therefore it does not "match" the BK scheme. For this 
reason, Alice performs the Bell measurement that differs 
from the Bell measurement used in the BK scheme. She 
lets her mode A to interact with the input mode "in" 
whose unknown coherent state |a)i n is to be teleported 
in another QND interaction -ffg ND = n'xAPin and subse- 
quently measures the quadratures x[ n — x in + g 'x A and 
Pa = Pa~ g'Pin (</ — n't'). The quadratures xa and p- ln 
are the so-called QND variables that are not affected by 
the interaction Hq^ D . This interaction, however, estab- 
lishes correlations between pa and p ln . If the mode A 
were infinitely squeezed in the quadrature pa the mea- 
surement of p' A would provide result proportional to the 
result of the measurement of p ln . This is the principle 
of the QND measurement. Thus, the Bell measurement 
performed by Alice in fact consists of the QND mea- 
surement of the quadrature p; n with the ancillary mode 
A being a part of an entangled system and the direct 
measurement of the quadrature x- m at the output of the 
QND interaction. After the measurement Alice has cer- 
tain classical values x- m and Pa and sends them via classi- 
cal channel to Bob who performs the displacements (de- 
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in Fig. P) x B — > 

= p B - {Gp/g')p A , 



Xout = x B + G x x in and 
where the parameters G x 



and G p describe normalized gains. As a result, Bob's 
output quadratures read as 



•^out — G x X[ n -t- A, Pout — GpP\i 



(3) 



where 



X = G x g'x A + x B = {G x g' - g) x\ 
P 
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are the quadrature added noises. Note, that instead of 
using the QND interaction in the Bell measurement Alice 
can use equally well an unbalanced BS with reflectivity 
1Z and transmissivity T. In this case, she detects the 
quadratures x[ n = TZxa + Tx- ln , p' A = —lZp ul + TpA 
and Bob performs the displacements x B — > x on t = 
xb + (G x /T)x in and p B -> p out = p B - {G p /U)p A . 



Consequently, Bob's output quadratures are given by the 
Eqs. © and @, where g' is replaced by 1Z/T. 

In order to quantitatively asses the quality of our tele- 
portation it is convenient to distinguish two different 
regimes of teleportation. 



A. Non-unity gain teleportation 

The quality of teleportation is often expressed quan- 
titatively by the fidelity F = i n (a|p ut|a)in, where p ont 
is the output state. In the non-unity gain regimes 
(G x 7^ 1, G p 1), however, the fidelity strongly depends 
on gains G x and G p and usually it decreases very quickly 
as increases the deviation of the gains from unity |18| . 
Therefore, there can exist non-unity gain regimes having 
quantum nature that are not captured by the fidelity. 
For this reason it was introduced a more detailed charac- 
terization of teleportation with the help of the quantities 
conditional variance product V and the signal transfer 
coefficient T 0, 0] . The parameter V is defined by the 
formula 



V 



V x V p 

"out|in "out|in' 



(5) 



^ere = ((Ax out ) ) - Gl((Ax in ) 2 ) and = 

((Ap ou t) 2 ) — Gp((Api n ) 2 ) are the quadrature conditional 
variances between the input and output states. The con- 
ditional variance product V describes the noise added 
into the input state during the teleportation process. 
Without entanglement the noise is limited from below 
by the fluctuations in Bob's mode and therefore V > 1/4 
[l8|. V = indicates teleportation with no added noise. 

The signal transfer coefficient is defined as a sum 
T = T x + T p of the quadrature signal transfer coefficients 
Ti = SNRi ut /SNR\ n (i = x,p), where SNR 1 denotes 
conventional signal-to- noise ratio for quadrature i. For 
teleportation of coherent states the parameter T can be 
expressed in the form |19| 



T 



Cj".- 



2V x t , 

out | in 



G 2 



2V 



(6) 
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In the absence of entanglement the intrinsic fluctuations 
of Alice's mode limit the transfer coefficient to T < 1 
|l8j. On the other hand T = 2 corresponds to a perfect 
signal transfer. With respect to the properties of the 
parameters T and V it is thus natural to define quantum 
regime of teleportation as a regime in which V < 1/4 and 
simultaneously T > 1. 

In our protocol the added noises (0} are uncorrelated 
with the input state. Hence, V Q :E ut|in = (X 2 ), = 
(P 2 ) and therefore 



V 
T 



<A 2 )(P 2 ), 
G x 

G 2 + 2(X 2 ) + Gj + 2(P 2 ) 



G'l 



(7) 
(8) 
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where 



(A 2 ) = [(G x g'-g) 2 + l]/2, 

(P 2 ) = [(G p / 9 r + (l-G p g/ g r]/2 



(9) 



are variances calculated from the Eq. J4"| . 

In what follows we restrict our attention to two par- 
ticular non-unity gain regimes. For these two cases we 
then show among other things that if our scheme oper- 
ates in quantum regime when V < 1/4 and T > 1 then 
the signal transfer coefficient T can be increased while 
preserving the conditional variance product V by appli- 
cation of a suitable local squeezing operation on Alice's 
mode. 

1. The regime when the output state has minimum 
additional noise, i. e. the gains G x and G p are adjusted 
in such a way that V — V m in = ^omG x ,G p V- Deriving the 
Eq. J7J with respect to G x and G p , setting the obtained 
expressions equal to zero and solving these equations one 
finds that the parameter V is minimized by G^min = g/g' 



and G 



p,mm 



gg' /(1+g ). For such gains the parameters 



V and T read as 



^min A { ~\ i 2^i ' 

4(1 + g 2 ) 



y/5-l 
2 



(g 2 + g /2 )(l + g 2 + g 2 g 12 ) 



(10) 



(11) 



Apparently, since V m i n < 1/4 for any g > our scheme 
operates from the point of view of the parameter V in 
quantum regime as soon as there is a nonzero shared 
entanglement. However, the Eq. (|ll|l reveals that our 
scheme in general does not operate in the quantum 
regime from the point of view of the parameter T as 

T v min > 1 only if g > \J (V& + l)/2 « 1.27. Hence, 
in order to fulfill both the conditions Vmi n < 1/4 and 
7v min > 1 simultaneously and thus to reach in this partic- 
ular case the quantum regime of teleportation the shared 
entanglement must be sufficiently large. The parameter 
Tv min depends on the asymmetry parameter g' of the Bell 
measurement and can be maximized with respect to it. 
Solving the extremal equation dTy^^/dg' — one finds 



that Tv min has a maximum if g > y (y/E + l)/2 and it is 

localized in the point g' opt — (1 + g 2 )i. Substituting g' t 
to the Eq. (|11|) we arrive at the optimal signal transfer 
coefficient 



is the squeezing parameter) transforms effectively g' in 
Eq. (0} to g = e TA g' . Therefore, if the squeezing op- 
eration is such that e VA = (1 + g 2 )i / g' we attain opti- 
mal value of the signal transfer coefficient l|12fl . As the 
parameter V m i n remains preserved when changing g' (it 
does not depend on g') we get deeper into the quantum 
region of teleportation and thus improve the quality of 
teleportation in our protocol. For example, if we take 
g — 2.5 and the Bell measurement is realized by the bal- 
anced BS for which g' = 1Z/T = 1 the formula l|ll|) 
gives TV min ~ 1.32 whereas for the unbalanced BS with 
g' t = (1+g 2 ) 4 m 1.64 it gives a higher signal transfer co- 
efficient Ty mia pt ~ 1.4. In addition, for the scheme with 

g' = i Knin ^ o but T Vmin , op t -» i + <?'7(i + g' 2 ) = 1.5 

with increasing g in contrast with the improved scheme 
where V mm — ► and Tv min , pt — * 2 with increasing g 
and therefore we approach perfect teleportation from the 
point of view of the parameters T and V with increasing 
shared entanglement. 

2. The regime when the input signals are transferred 
optimally, i. e. the gains G x and G p are adjusted in 
such a way that T — T max = max^c T. Solving the 
extremal equations dT/dGi = (i = x,p), where T is 
given in Eq. (JSJ one finds that the parameter T is maxi- 
mized by G x>max = (1 + g 2 )/gg' and G p>max = g'/g. For 
such gains the parameters T and V read as 



= 1 



g 2 g' 2 



(i 
l 

7 



g' 2 ){i 
l 

'7 



(13) 
(14) 



Clearly, r max > 1 for any g,g' > and therefore our 
scheme operates in the quantum regime of teleportation 
from the point of view of the parameter T once there 
is some shared entanglement. On the other hand, the 
Eq. reveals that 7 Tmax < 1/4 only if g 4 - g 2 - 1 = 
[g 2 -(\/5-|-l)/2][ 5 2 + (vf -l)/2] > 0. Hence, like in the 
previous case our scheme works in the quantum regime of 
teleportation when T max > 1 and simultaneously Vr max < 

1/4 only if g > ^J(V5 + l)/2 « 1.27, i. e. only if the 
shared entanglement is strong enough. Further, as in the 
previous case we can maximize T max with respect to g' . 
Solving the respective extremal equation dT ms , x /d g ' = 
one finds that T max attains maximum at the same point 
ffopt = (1 + ,9 2 ) 3 as Tmin and it is equal to 



,opt 



2g 2 



g 2 + Vl + g 2 



(12) 



The latter analysis indicates that if g' ^ g' opt the pa- 
rameter Ty min can be increased to the optimal value H12|) 
by adjusting g' in the Bell measurement to the optimal 
value g' opt . If the Bell measurement is fixed, i. e. g' is 
fixed, the optimal value g' opt can be adjusted by a suit- 
able squeezing operation on Alice's mode. Namely, the 



squeezing operation x a 



1 xa and pa 



K VA (t a 



~ max, opt 



2VT 



(15) 



Similarly as in the case 1 this optimal value of the signal 
transfer coefficient can be reached by adjusting g' in the 
Bell measurement to the g' opt or, for fixed g' in the Bell 
measurement, by using the same squeezing operation on 
Alice's mode as in the case 1. Further, for g = 2.5 and 
for the balanced BS in the Bell measurement (g' = 1) the 
Eq. (|13fl leads to the signal transfer coefficient T max w 
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1.38 while for the unbalanced BS with g' t w 1.64 we 
obtain using the Eq. (|15|l a higher value T max opt « 1.46. 
Finally, in both the particular cases Vr max — > with in- 
creasing g whereas T max — ► 1 + g' 2 /(l + g' 2 ) = 1.5 and 
Tmax. opt - * 2 and therefore only the improved scheme 
approaches perfect teleportation from the point of view 
of the parameters T and V with increasing shared entan- 
glement. 



B. Unity gain teleportation 

In this regime the gains are adjusted in such a way 
that G x = G p = 1. Then, it follows from the Eqs. © 
and © that the first moments of the input state are pre- 
served, i. e. (x out ) = (x in ) and (p out ) = (p in ). This 
implies, that in the unity gain regime the quality of our 
teleportation depends only on the added noises © and 
therefore it can be conveniently described by the fidelity 
F =in(a|/9 ut|a)in- F = 1 corresponds to a perfect tele- 
portation while F > 1/2 indicates quantum regime of 
teleportation Since in our protocol the added noises 
P|l are uncorrelated both mutually and also with the in- 
put state the fidelity can be expressed as |l8j 



F 



X /(1+(^))(1 + (P2 )) - 



(16) 



Calculating the variances (X 2 ) and (P 2 ) using the 
Eqs. © where G x = G p — 1 we finally arrive at the 
fidelity of teleportation of our scheme in the form: 



F 



\/[2 + (1/ g') 2 + (g/g' — i) 2 ] [i + {g-g'f 



(17) 



Several important properties of our teleportation proto- 
col can be derived from the latter formula. First, it re- 
veals that if the parameter g' in the Bell measurement can 
be adjusted properly then the quantum regime of telepor- 
tation can be attained for an arbitrarily small amount of 
the shared entanglement. This follows from the fact that 
if we put, e. g., g' = g+l in Eq. l(T7l) then F > 1/2 for any 
g > 0. Second, as the denominator in the Eq. (|17fl is al- 
ways greater or equal to y/2^/3 the maximum achievable 
fidelity is bounded by the value F max = \/2/3 « 0.816 
that can be achieved, e. g., in the limit g = g' — ► oo. 
Finally, the formula l|17|) also reveals that although one 
could be tempted to think that for a given g maximal 
fidelity is obtained for g — g' this is not the case and the 
fidelity is maximized by g' that in general differs from g. 
To illustrate this let us consider the particular value of 
the interaction constant g = 1 that is well within reach 
of the current experiment [l6l | . Setting the derivative of 
the Eq. fTTjl with respect to g' equal to zero and solving 
the obtained extremal equation one finds that F attains 
maximum for g' = 4/3 > g = 1. On inserting g' = 4/3 
back into the Eq. (|17(l for g — 1 we finally get the maxi- 
mum fidelity equal to F x = 2a/6/7 ~ 0.7. 



Our results can be compared with the results obtained 
by Horoshko and Kilin (HK) [14j . As in our protocol also 
in the HK protocol the shared entanglement is produced 
by the QND interaction © and the Bell measurement 
utilizes an unbalanced BS. In contrast with our protocol, 
in the HK protocol the asymmetry parameter 1Z/T of the 
BS and the interaction constant g are tied together by the 
relation TZ/T = g. Therefore, for g = g' the formula i|17|) 
reduces to the fidelity of teleportation of coherent states 
in the HK protocol 



Fi 



HK 



VW+Vg 2 ) 



(18) 



Clearly, like in our teleportation protocol the maxi- 
mum teleportation fidelity is -?HK,max = v/2/3 and it 
is achieved in the limit g — > oo. However, in contrast 
to our protocol, quantum teleportation can be achieved 
only if g > y/3/10 « 0.548, i. e. F HK > 1/2 only 
if sufficiently large shared entanglement is available. In 
addition, our results reveal that for g = 1 our scheme 
provides a higher teleportation fidelity F\ « 0.7 than 
the HK scheme that gives only Fhk,i = 2/3 » 0.667. 
Therefore, in the teleportation scheme using the shared 
entanglement produced by the QND interaction © with 
g = 1 of two vacua, a higher teleportation fidelity is ob- 
tained in the scheme with an unbalanced BS in the Bell 
measurement with T = 3/5 and 1Z — 4/5 than in the HK 
scheme that exploits the balanced BS. 

The previous results reveal that no matter what is 
the value of the parameter g' in the Bell measurement 
and how strong is the shared entanglement the highest 
possible fidelity F max = ^/2/3 is always less than unity. 
In other words, the quality of transfer in our teleporta- 
tion protocol is limited even in the limit of the infinitely 
large shared entanglement. This behaviour is due to the 
added noise X given in Eq. © that always contains at 
least one unit of the vacuum noise originating from the 
term a;^. However, this undesirable noise can be re- 
duced and therefore the fidelity of our scheme can be 
increased if Alice and Bob transform the shared state by 
the local squeezing operations (denoted as Sa and 5s in 
Fig. © x A -> (a/g')x A , pa -* (g'/a)p A , x B -> (l/a)x B 
and pb — * aps, where a = (1 + g 2 )~ ■ These opera- 
tions transform the original added noises X = g'xA + xb 
and P = (l/g')pA — Pb into the new added noises 
X' = axA + (l/a)xB and P' = (\/a)pA — apB- Cal- 
culating the variances (X' 2 ) and (P' 2 ) using the Eq. © 
one finds that (X' 2 ) = \p' 2 ) = ^/l+g 2 - g -> with in- 
creasing g and therefore the new added noises vanish with 
increasing entanglement. Hence, by using the Eq. I|16|) 
we finally arrive at the fidelity of teleportation in the 
improved scheme of the form: 



F S = 



1 



1 + y/i + g 2 - g 



(19) 



Obviously, the Eq. (|19|) demonstrates that the quan- 
tum regime of teleportation when Fs > 1/2 is again 
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reached for any g > 0. Moreover, since yl + g 2 — g — > 
with increasing j F-> 1 with increasing 5 and the out- 
put state converges to the input state with increasing 
entanglement similarly as in the BK scheme. In fact, 
the formula (|19|l can be rewritten in the form of the fi- 
delity of the BK scheme F BK = 1/(1 + e _2K ) [H, where 

k = (—1/2) In (\A + 9 2 ~ 5 1 ) an( i t nus the squeezing op- 
erations Sa and Sb were chosen such that they effectively 
transform our scheme into the BK scheme. Characteriz- 
ing our teleportation protocol by the noise by which the 
mean number of photons in the input state is increased 
Af = ((X 2 ) + (P 2 ))/2 instead of the fidelity © such 
a choice of Sa and Sb maximizes Af and therefore our 
improved scheme is optimal from the point of view of the 
parameter Af. The analytical proof of the latter state- 
ment is given in the next section. 

We have seen that in some cases the application of suit- 
able local squeezing operations on parts of the shared 
entangled state can improve considerably the efficiency 
of the CV teleportation. Despite of the fact that both 
the squeezed state of a light beam [24j and a squeezed 
state of an atomic sample p5l | were already realized ex- 
perimentally it may be still an experimental challenge to 
implement the squeezing operations on parts of the en- 
tangled state. The obstacle can be partially avoided and 
Alice's squeezing operation Sa can be saved if one can 
adjust properly the interaction constant g' (or the ratio 
H/T) in the Bell measurement. To be more specific, if in 
our case we put g' = a= (l+g 2 )* (TZ/T = a = (l+g 2 )i) 
the interaction in the Bell measurement effectively real- 
izes the needed squeezing operation Sa- 

Contrary to the operation Sa the squeezing opera- 
tion Sb on Bob's side is in general inevitable, in par- 
ticular if one needs to preserve the whole quantum state 
Pout for further processing. However, the squeezing op- 
eration Sb can be avoided if the input state \a)m just 
carries some classical information encoded into its com- 
plementary quadratures x- m and p m that is red from 
the output state p ou t immediately after the teleporta- 
tion by homodyne measurement of either of the output 
quadratures x ou t or p OU f Namely, formally the opera- 
tion Sb can be moved behind the displacement transfor- 
mation D x p (see Fig. ^| that then must be changed to 
xb -* ^out = x B +ax in and p B -* Pout = Pb - 1/ (ag')pA- 
The needed squeezing operation Sb then can be realized 
merely as a scaling x out — ► (l/o)x ut or Pout — * ap ou t 
of the classical outcomes x ou t and pout of the homodyne 
measurement. 



II. GENERALIZED CONTINUOUS- VARIABLE 
TELEPORTATION PROTOCOL 

In this section we will prove analytically that the 
improvement of our previous unity gain teleportation 
scheme by local squeezing operations that effectively 
transform the scheme into the BK scheme is in a certain 



sense that is specified below optimal. For this reason, let 
us consider the generalization of the protocol depicted in 
Fig. n In the generalized scheme, Alice and Bob share a 
Gaussian state of two modes A and B pab with vanishing 
first moments, i. e. (£ fe ) = Ti(p A B^k) = (fc = 1, . . . ,4), 
where £ = (xa,Pa, %b,Pb) T is the column vector of the 
quadratures xa, Pa, %b and pb- Such a state is com- 
pletely characterized by the variance matrix Vab with 
elements (Vab)h = A&}), where A£ fc = £ k - (£ k ) 

and {A,B} = (1/2) (AB + BA). We assume that Alice 
and Bob can apply locally on their parts of the shared 
state arbitrary single-mode linear transformations Sa 
and Sb of the quadratures Xi,pi (i = A,B) preserving 
the canonical commutation rules = iSij. In ma- 

trix notation these transformations can be expressed by 
the formulas 

& = S A U, & = S B £ B , (20) 

where & = (x l ,p i ) T , ^ = (x' i ,p' i ) T (i = A,B) and Si 
are real 2x2 matrices satisfying the so called symplectic 
condition 

Si js? = j, j=(\iy (21) 

These transformations involve single-mode squeezers and 
phase shifters as particular instances and are convention- 
ally denoted as symplectic transformations. Then, Alice 
performs the Bell measurement. She lets her mode A 
and the mode "in" to interact in a two-mode interac- 
tion R described by the quadratic Hamiltonian of the 
form Hr = J2i j=i a ijdCji where are real coupling 
constants and Q (* = 1 , . . . , 4) are components of the 
column vector £ = (x' A ,p' A , Xi n ,pi n ) T . In Heisenberg pic- 
ture the interaction is described by the two-mode linear 
symplectic transformation of the form [2l| : 

C = RC, (22) 

where (' = (x A ,p A , x' in ,p' in ) T and R is a real 4x4 matrix 
satisfying the two-mode symplectic condition 

RriR T = n, n = j® j. (23) 

The two-mode symplectic transformations involve the 
unbalanced BS and QND interaction Q as particular 
instances. After that Alice completes the Bell measure- 
ment by homodyne detection of the position quadrature 
x[ n on mode "in" and the momentum quadrature p" A on 
mode A. Introducing the vector of the input quadratures 
Cin = (£in,Pin) T the vector of the detected quadratures 
£d = ( a; in'PA) T can be expressed as 

£d - y£i„ + Z&, (24) 

where 



( R33 


R34 \ 


, z = 


f R31 i?32 \ 


I -^23 


R24 J 




I R21 R22 J 
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where Rki (k, I = 1, . . . , 4) are elements of the matrix R. 
Alice measures certain classical values x- m and Pa and 
sends them via classical channel to Bob who completes 
the teleportation by performing the displacements 



£b —> £out = £,b + S£d 



(26) 



where £d = (^in,p^4) T is the c-number vector of the mea- 
surement results and 



Q = 



Oxx Oxp 
Gnx G, 



VP 



(27) 



is the matrix of the unnormalized gains. Here we restrict 
ourselves to the unity gain regime in which the first mo- 
ments of the input state are preserved ((£out) = (6n)) 
and therefore we chose 



g = y- 1 = 



1 



R24R33 - R23R34 V ~ R23 R 



R24 —R34 



(28) 



where Y^ 1 is the inverse matrix to the matrix Y that is 
assumed to be regular. Hence, using Eqs. (|2U|) . I|24l) and 
(|26|1 one finally finds Bob's output quadrature operators 
in the form 



£out=6n + ^ 1 ZSaS,a + Sb£,b- 



(29) 



A more instructive shape can be given to the latter for- 
mula. Defining the matrix £ = G3Y Z, where 03 is 
the Pauli diagonal matrix 03 = diag(l,— 1), and taking 
into account the condition (|23|l it can be shown that the 
new matrix E satisfies the condition l|21|l and it is there- 
fore a symplectic matrix. Then the formula (|29|l can be 
rewritten in the following form: 



Xout 



Pout = Pu 



p. 



(30) 



where 



(?) 


1 = 


(A 


+ x' B \ 






\p"a 


-P' B ) 



Sa£,a + ct 3 S b £b (31) 



is the column vector of the quadrature added noises X 
and P and Sa = £<S 'a in another symplectic transforma- 
tion. 

The above analysis reveals that the use of a generic 
quadratic interaction Hr in the Bell measurement has 
two effects. First, in order our teleportation protocol 
to preserve the first moments of the input state Bob 
musts the received classical outcomes of the Bell measure- 
ment £d = (xi n ,pA) T transform by the matrix of gains 
Q = Y^ 1 before using them for the displacements of his 
mode. For example, if the interaction Hr is the QND 
interaction -ffq ND = k' ' x' A P\n considered in the previous 
section then Q is the diagonal matrix Q = diag(l, —1/g') 
(g' = n't'). Second, the interaction Hr performs ef- 
fectively a symplectic transformation £ on Alice's mode 
A. Now, consider the case when there are no auxiliary 
symplectic transformations on Alice's and Bob's sides 
(Sa — Sb = 1) and the state shared by Alice and Bob has 



the EPR entanglement. In this case, the transformation 
E entails that the actual added noises X and P do not 
match with the "optimal" added noises Aepr = xa + xb, 
■ffepR = Pa~Pb and hence the amount of the noise added 
into the input state is larger in comparison with the "op- 
timal" case. This undesirable effect of the transformation 
£ can be compensated by using an auxiliary symplectic 
transformation Sa on mode A of the form »Sa,epr = £ ■ 
For instance, if the Bell measurement is realized by the 
QND interaction -ffg ND (see Sec.HJl, then E is the squeez- 
ing transformation Eqnd = diag(<jr', 1/g') and therefore 
Sa,epk = £qnd = diag(l/(/, g'). If, on the other hand, 
Alice and Bob share a state with other than EPR entan- 
glement and the interaction constant of the interaction 
in the Bell measurement can be controlled it can be ad- 
justed in such a way that the effective transformation E 
matches (on Alice's side) the actual added noises with the 
"optimal" added noises and thus enhances the teleporta- 
tion fidelity. In the case of the entanglement produced 
by the QND interaction (JJJ of two vacuum states the 
matching is achieved if g' = (1 + g 2 )* (see SecQJ. 

Before going further, let us return for a while to the 
regularity requirement of the matrix Y given in Eq. I|25|) 
that emerged naturally when expressing the vector £; n 
from Eq. (|24|l . Obviously, this property guarantees that 
the measured quadratures x[ n and p" A carry informa- 
tion about both complementary quadratures of the input 
state and therefore the first moments (xi n ) and (pi n ) of 
the input state can be preserved as is a natural demand 
for any unity gain teleportation protocol. Consequently, 
all the interactions yielding regular matrix Y can be used 
in our scheme for the Bell measurement. For that reason 
we further restrict our attention to the interactions for 
which Y is a regular matrix. 

The quality of the CV teleportation protocols in a 
unity gain regime is well expressed quantitatively by the 
fidelity which is for pure input states defined as 



F = 2tt 



-Hoc. 



W in (x,p)W out (x,p)dxdp, 



(32) 



where W- la (x,p) and W ou t(x,p) are Wigner functions of 
the input and output state, respectively. Assuming the 
input state, similarly as the shared state pab, to be de- 
scribed by a Gaussian Wigner function, expressing both 
the Wigner functions W- ln and W ou t as Fourier trans- 
forms of corresponding characteristic functions, carry- 
ing out all integrals and taking into account the relation 
(£out) = (£in) following from the Eq. ll.'SOII we find that 



F 



1 



Vdet (Kut + V in ) ' 



(33) 



where 



v _( ((A^) 2 ) {{Ax u A Pi }) 
V ({Api, Azj}) ((Ap,) 2 ) 



(34) 



is the single- mode variance matrix of the state i, i 
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out, in. Utilizing the formula (|30fl one finds that the out- 
put variance matrix V^ ut is of the form: 



V out = V m + 2N, 



where 



2N = 



(X> 



■({x,p}) 



-({P,X}} (P 2 ) 



(35) 



(36) 



Substituting the last expression of the Eq. I|31|l for the 
added noises X and P into the matrix l|36|l it can be 
expressed in the following matrix form: 

2N = a 3 S A ASja 3 + S B BSl + a 3 S A CSl 

T ST. 



-SbC S A a 3 , 



(37) 

where A, B, C and C T are 2x2 blocks of the variance 
matrix Vab of the shared state, i. e. 



AC 
V AB - I c t B 



(38) 



The fidelity (|33|l attains particularly simple form in the 
case of teleportation of coherent states when V ln — 
(1/2)7. Combining the Eqs. O and (ESJ the fidelity 
then reads as 



PqgYl 



1 



VI + 2TrN + 4det7V 



(39) 



The quality of our teleportation is determined by the 
function 2TriV + 4det7V. For a fixed shared entangled 
state and a fixed interaction in the Bell measurement this 
is a complicated function of six real parameters of the 
symplectic transformations Sa and Sb- Hence, the max- 
imization of the fidelity Ij39(l with respect to the trans- 
formations Sa and Sb amounts to finding the minimum 
of the function of several real variables which is a task 
that can be hardly solved even numerically. Instead of 
doing this we will minimize another more simple mea- 
sure of teleportation success given by the noise Af defined 
through the formula fl4| 



(«out) 



(40) 



where (n ut) and (ni n ) are the mean numbers of photons 
in the output and input state, respectively 0]. Calcu- 
lating (n ou t) using the Eq. l|33|l one finds that the noise 
Af is connected with the matrix by the formula 

N = TrN = [((^ + x'b) 2 ) + ((p" A p'b) 2 )} A (41) 

To make the problem more tractable we consider that 
the shared state is a fixed pure entangled two-mode 
Gaussian state. In this case there exist local symplec- 
tic transformations wia and tub that bring the vari- 
ance matrix <|38[1 to the so called standard form [2^ 
Vtms = i m A © m B ) Vab (rn A © m B ) , where 



Vtms 



I a -c 
a c 
-c a 
V c a 



(42) 



where a = VdetA > 1/2, c = i/|detC| > and 
a 2 — c 2 = 1/4. Owing to the last equality and the in- 
equality c > we can put a = cosh(2K)/2 and c = 
sinh(2K)/2, where n > and thus the variance ma- 
trix l|42l) describes the two-mode squeezed (TMS) vac- 
uum state having squeezed variances ((xa +ib) 2 )tms = 
((PA -Pb) 2 )tms = 2 (VdetA- y/\detC\) = e" 2 " (k is the 
squeezing parameter and ( )tms denotes averaging over 
the TMS vacuum state (|42|l ) and therefore possessing the 
EPR entanglement. Expressing now the symplectic ma- 
trices Sa and Sb in the Eq. I|37|l in the form Sa = sa^ia 
and Sb = sbttib, where sa, sb are some new symplec- 
tic matrices, utilizing the Eq. I|42|l and substituting the 
obtained formula for the matrix N to the the definition 
(14111 one finds that 



A'' 



Tt(sa§a + sbs b ) - cTt(sas b ), (43) 



where §a — &3Sa<7 3 . Further, according to the Bloch- 
Messiah reduction |23j one can decompose the symplectic 
matrices sa and as follows: 

s A = P(a)S(r A )P(P), s B = Ph)S(r B )P(S), (44) 
where 



cosu -smu . 
v ' 1 sin it cos it ' 



e v 
e~ l 



(45) 



are the matrix of the phase shift by u — a, /3,7,<5 and 
the matrix of the single-mode squeezer with the squeez- 
ing parameter v ~ ta^b, respectively. On inserting ex- 
pressions (|44|) and 145(1 into the Eq. I|43|l and using the 
invariance of the trace with respect to cyclic permutation 
of its arguments we arrive at the formula 

M = 2a cosh r + cosh r_ — c [(cosh r + + cosh r_) cos 9+ 
+ (cosh r + — cosh r_ ) cos 9- ] , (46) 

where r± = ta^^b and 9± = a±/3 — 7=F^- Clearly, Af 
is minimized with respect to 9 + when 9 + = 2kn, where 
k is an integer. Minimization with respect to requires 
to distinguish three cases: (i) coshr + > coshr_, (ii) 
cosh r+ < cosh r_ , and (iii) cosh r+ = cosh r_ . The val- 
ues of minimizing Af are equal to = 21tt in case 
(i), 6>_ = (21 + 1)tt in case (ii) (I is an integer in both the 
cases), and 6L can be arbitrary in the last case (iii). In 
addition, in all the three cases the necessary conditions 
on the extreme, dAf/dr± = are satisfied when r± = 0. 
Since cosh?* + = coshr_ for r_|_ = r_ = the function 
(|46|l can have extreme only on the boundary character- 
ized by the condition (iii), where it reads 



Af' = 2 cosh r + (a cosh r + — ccos#+). 



(47) 



In order the candidates for extrema localized in points 
for which 9 + = 2kir and r± = to be minima (no further 
condition is obtained as 9- can be arbitrary) the suffi- 
cient condition on the minimum must be satisfied. It is 
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given by the positive definiteness of the matrix A with 
elements 



An 



d 2 Af' 



A 



22 



d6\ 



A 



12 



A 



21 



aw 

dr+d9 A 



(48) 



Since An = 2(2a - c) > 0, yl 2 2 = 2c > and „4 12 = 
in the potential extrema as follows from the inequalities 
a — c > and c > the matrix A is positive definite 
and hence the potential extrema are minima all giving 
the same value 



A/rnir 



Z[a — C) = 2(VdeL4- \/|detC|) 
((xji +x s ) 2 )tms + ((pa -Pb) 2 )tms 



(49) 



The equalities r± = and 8 + = 2kir imply that r a = 
r B = and ■y + S = a + (3-2kn. From the Eq. (01} it then 
follows that the transformations minimizing 1|43JI are the 
arbitrary same phase shifts Sa — sb = P(pt + 0) where 
a + (3 is an arbitrary angle. This means that the noise Af 
is minimum if the transformations Sa and Sb are such 
that Sa — 'E m a and Sb = tub (a + (3 = was chosen 
for simplicity) where tua, tub bring the shared state 
to the TMS vacuum state (HJl. From tne E q- © then 
follows that 27V = Af m i n I and therefore the fidelity lEH^ 
reads 



1 



1 



■AC 



(50) 



and coincides with the fidelity of the BK scheme. Thus, 
we have shown that if we characterize our generalized 
CV teleportation scheme by the noise Af then its perfor- 
mance can be improved by the suitable auxiliary local 
symplectic transformations on parts of the shared entan- 
gled state. The optimum in which the noise Af attains 
minimum is achieved for those local symplectic trans- 
formations that convert effectively our scheme to the 
BK scheme, i. e. the BK scheme is optimal from the 
point of view of the noise Af. As a by-product we have 
also proved that on the set of pure two-mode Gaussian 
states that can be produced from the TMS vacuum state 
(|42|l by all local symplectic transformations the total 



variance [((xa + xb) 2 ) + ({pa ~ Pb) 2 )] /2 is minimized 
by the TMS vacuum state. This pro of g eneralizes for 
pure states the proof given recently in |2|j in which the 
minimization of the total variance was performed only 
with respect to a two-parametric subset of all local sym- 
plectic transformations that is formed by the symplectic 
transformations that can be expressed as a product of a 
squeezer and a phase shift. 



III. CONCLUSION 

In conclusion, we have investigated the CV telepor- 
tation protocol based on the shared entanglement pro- 
duced by the QND interaction of two vacua and utilizing 
QND interaction or an unbalanced BS in the Bell mea- 
surement. We have shown on two particular examples 
that in the non-unity gain regime the signal transfer co- 
efficient can be increased while the conditional variance 
product remains unchanged by a suitable squeezing oper- 
ation on sender's side of the shared entangled state. Fur- 
ther, it was demonstrated that in the unity gain regime 
the teleportation fidelity can be enhanced if the shared 
entanglement is redistributed by local squeezing opera- 
tions converting effectively the protocol to the standard 
BK teleportation protocol. Finally, it is proved that such 
a choice of the local squeezing operations is optimal if 
we characterize our teleportation scheme by the noise by 
which the mean number of photons in the input state is 
increased in the teleportation process. 
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